328 RATIONAL FUNCTIONS

4.1.1 EXERCISES

For a link to all of the additional resources available for this section, click OSttS Chapter 4 materials.

In Exercises 1 - 18, for the given rational function f:

Find the domain of f.

Identify any vertical asymptotes of the graph of y = f(z).

Identify any holes in the graph.

Find the horizontal asymptote, if it exists.

Find the slant asymptote, if it exists.

Graph the function using a graphing utility and describe the behavior near the asymptotes.

For help with these exercises, click one or more of the resources below:

e Understanding asymptotes

e Finding the vertical asymptotes of the graph of a rational function

¢ Finding the horizontal asymptotes of the graph of a rational function

e Finding the slant asymptotes of the graph of a rational function

L) = 2. fa) = 2T R

4. f(x):a:?L—i—l 5. f(x)z(;:_;)Z 6. f(x):izi
7f(z):xff_4 8.f(x)=% 9.f()=m

10. f(z) = w 1. f(z) = m 12. f(x) = xtfflﬂ

13. f(z) = 29623:; ix; i 14. f(x) = —gj;m: 15. f(x) = _if:siflJr?)f:llo
16 f(a) = 17, gy = 520 18, fr) = g


http://www.ostts.org/PreCalc4.html
http://www.ostts.org/resourcedisplay.php?objid=684
http://www.ostts.org/resourcedisplay.php?objid=685
http://www.ostts.org/resourcedisplay.php?objid=686
http://www.ostts.org/resourcedisplay.php?objid=687
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19. The cost C in dollars to remove p% of the invasive species of Ippizuti fish from Sasquatch
Pond is given by
1770p
Cl(p) =
(p) 00— p’

0<p< 100

(a) Find and interpret C'(25) and C(95).
(b) What does the vertical asymptote at x = 100 mean within the context of the problem?
(c) What percentage of the Ippizuti fish can you remove for $400007

20. In Exercise 71 in Section 1.4, the population of Sasquatch in Portage County was modeled
by the function
150t
P(t)= ——
®) t+ 15
where t = 0 represents the year 1803. Find the horizontal asymptote of the graph of y = P(t)
and explain what it means.

21. Recall from Example 1.5.3 that the cost C' (in dollars) to make x dOpi media players is
C(x) = 100x 4 2000, = > 0.

Find a formula for the average cost C(x). Recall: C(x) = @

Find and interpret C'(1) and C(100).

How many dOpis need to be produced so that the average cost per dOpi is $2007
Interpret the behavior of C(x) as z — 07. (HINT: You may want to find the fixed cost
C(0) to help in your interpretation.)

(e) Interpret the behavior of C(x) as x — co. (HINT: You may want to find the variable
cost (defined in Example 2.1.5 in Section 2.1) to help in your interpretation.)

22. In Exercise 35 in Section 3.1, we fit a few polynomial models to the following electric circuit
data. (The circuit was built with a variable resistor. For each of the following resistance values
(measured in kilo-ohms, kf2), the corresponding power to the load (measured in milliwatts,
mW) is given in the table below.)!®

Resistance: (k) | 1.012 | 2.199 | 3.275 | 4.676 | 6.805 | 9.975
Power: (mW) 1.063 | 1.496 | 1.610 | 1.613 | 1.505 | 1.314

Using some fundamental laws of circuit analysis mixed with a healthy dose of algebra, we can
derive the actual formula relating power to resistance. For this circuit, it is P(z) = (xi%)z,

where x is the resistance value, x > 0.

(a) Graph the data along with the function y = P(x) on your calculator.

'8 The authors wish to thank Don Anthan and Ken White of Lakeland Community College for devising this problem
and generating the accompanying data set.
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(b) Use your calculator to approximate the maximum power that can be delivered to the
load. What is the corresponding resistance value?

(c¢) Find and interpret the end behavior of P(x) as x — oc.

23. In his now famous 1919 dissertation The Learning Curve Equation, Louis Leon Thurstone

1.

presents a rational function which models the number of words a person can type in four
minutes as a function of the number of pages of practice one has completed. (This paper,
which is now in the public domain and can be found here, is from a bygone era when students
at business schools took typing classes on manual typewriters.) Using his original notation
and original language, we have Y = % where L is the predicted practice limit in terms
of speed units, X is pages written, Y is writing speed in terms of words in four minutes, P is
equivalent previous practice in terms of pages and R is the rate of learning. In Figure 5 of the
paper, he graphs a scatter plot and the curve Y = %' Discuss this equation with your
classmates. How would you update the notation? Explain what the horizontal asymptote of
the graph means. You should take some time to look at the original paper. Skip over the
computations you don’t understand yet and try to get a sense of the time and place in which

the study was conducted.

Checkpoint Quiz 4.1

4y — 12

Let T($) = m

(a) Find the vertical asymptotes of the graph of y = r(x).

(b) Find the holes in the graph of y = r(z).

(c¢) Find the horizontal asymptotes of the graph of y = r(x).

For worked out solutions to this quiz, click the link below:

e Quiz Solution


http://books.google.com/books?id=pb5BAAAAIAAJ&dq=Louis+Leon+Thurstone&printsec=frontcover&source=an&hl=en&ei=Ev_bSaeKGInEMbmM9OQN&sa=X&oi=book_result&ct=result&resnum=6#PPP1,M1
http://youtu.be/WG52fWND7cc
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4.1.2 ANSWERS

X

7
L f(x):?)x_ 3+ Tx

2. 1@) =55,

Domain: (—o0,2) U (2, 00)
Vertical asymptote: z = 2
Asxz— 27, f(z) > —0
Asz — 27 f(z) -

No holes in the graph
Horizontal asymptote: y = %
Asx — —o0, f(z) — %_

AS$—>OO,f(J})—>%+

x x
(@) = 24+r—12 (z+4
Domain: (—oo,—4) U (—4,3)
Vertical asymptotes: x = —4,x =
Asxz — —47, f(z) » —

As z — —4% f(z) —
Asz — 37, f(z) - —o0

As x — 3%, f(x) — o0

No holes in the graph
Horizontal asymptote: y =0
As x — —o0, f(x) = 0~

As x — oo, f(z) = 0

x+7

(@) = (x +3)2

Domain: (—oo, —3) U (—3,00)
Vertical asymptote: o = —3
Asxz— =37, f(z) = o©

Asz — =31, f(z) >

No holes in the graph
Horizontal asymptote: y =0
YAs z — —o0, f(x) — 0~

As z — oo, f(z) — 0T

- [f(x)

. f(x>:x2

: 5 5
Domain: (—o0, 5) U (3,00)
Vertical asymptote: z = %
Asz — %;,f(x) — 00
Asz — 57, f(z) & —o0
No holes in the graph

Horizontal asymptote: y = —%
As x — —o0, f(x) — —%Jr
Asz — oo, f(z) = -5

T
o241

Domain: (—o0, 00)

No vertical asymptotes

No holes in the graph
Horizontal asymptote: y =0
As x — —o0, f(x) = 0~

As z — oo, f(z) — 0"

?+1 2t -z+1

-1 z-1

Domain: (—oo,—1) U (—1,1) U (1, 00)
Vertical asymptote: z =1

Asz — 17, f(z) 5 —o0

Asz — 17, f(x) —»

Hole at (—1,—3)
Slant asymptote: y = x

As x — —o0, the graph is below y =z
As x — oo, the graph is above y =

19This is hard to see on the calculator, but trust me, the graph is below the z-axis to the left of z = —7.
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7.

11.

f) = -

4
f@) = oy

Domain: (—o0,00)

No vertical asymptotes

No holes in the graph
Horizontal asymptote: y =0
As x — —o0, f(x) = 0~

As x — oo, f(x) — 0

z—4
24+r—-6 -2

Domain: (—o0,—3) U (—3,2) U (2, 0)

Vertical asymptote: © = 2

Asxz — 27, f(z) » o0

Asz — 27, f(z) - —0

Hole at (—37 %)

Horizontal asymptote: y =1

As x — —oo, f(z) — 1T

As x — oo, f(x) = 17

2 —x—12

f(m):x3+2m2+a: _ z(r+1)

22 —x—2 T — 2
Domain: (—o0,—1) U (—1,2) U (2, 00)
Vertical asymptote: z = 2
Asxz — 27, f(z) - —o0
Asz — 27 f(z) =
Hole at (—1,0)
Slant asymptote: y =z + 3
As ¥ — —o0, the graph is below y = 2 + 3
As x — o0, the graph is above y = 2 + 3

8.

10.

12.

RATIONAL FUNCTIONS

4x 4x
@) = i~ o=
Domain: (—oo,—2) U (—2,2) U (2, c0)
Vertical asymptotes: © = —2,2 = 2

Asz — —27, f(z) - —0
Asz — =21 f(z) = o
Asz — 27, f(z) 5 —o0
Asz — 27 f(x) —»

No holes in the graph
Horizontal asymptote: y =0
Asx — —o0, f(x) = 0~

As z — oo, f(z) — 0"

322 -5z -2 (3 +1)(z—2)
f(x) = 2 _ = —
x? -9 (x +3)(z —3)
Domain: (—o0,—3) U (—3,3) U (3, 00)
Vertical asymptotes: z = —3,x =3

Asx — =37, f(z) = o©
Asz — =31, f(z) > —o0
Asx — 37, f(x)

As x — 3T, f(x)
No holes in the graph
Horizontal asymptote: y = 3
As x — —oo, f(z) — 3

As z — oo, f(x) — 3~

— —00
— 00

23— 3+ 1

0 ==537

Domain: (—o0,00)

No vertical asymptotes

No holes in the graph

Slant asymptote: y = x

As x — —o0, the graph is above y =z
As x — oo, the graph is below y = x
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13.

15.

17.

19.

222 + 5z — 3
r=—
f(@) 3z + 2 ) )
Domain: (—oo, —3) U (—g,
Vertical asymptote: x = —
Asz — —%Jr,f(a:) — 00
Asx—>—% ,flz) = —o0
No holes in the graph
Slant asymptote: y = %x + 1@1
As x — —o0, the graph is above y = Zz+ 1}
As x — o0, the graph is below y = 2z + 1

o)

win

—5z* — 33 + 22— 10

3 — 322 +3zx —1

—5xt — 323 + 22 — 10
(z — 1)

Domain: (—o0,1) U (1,00)
Vertical asymptotes: = =1
Asz— 17, f(z) > o0
Asz — 17, f(z) = —0
No holes in the graph
Slant asymptote: y = —5x — 18
As x — —o0, the graph is above y = =5z — 18

fx) =

As x — oo, the graph is below y = —5z — 18

18 — 22
f@) =" g =72
Domain: (—o0,—3) U (—=3,3) U (3, 00)
No vertical asymptotes
Holes in the graph at (—3,—2) and (3, —2)
Horizontal asymptote y = —2
As x — to0, f(z) = -2

14.

16.

18.

333
—2% + 4x —2® + 4x
f(.%') = 2 _ = —
x2 -9 (x —3)(z +3)
Domain: (—oo, —3) U (—=3,3) U (3,0)
Vertical asymptotes: x = —3, x = 3
Asz — =37, f(x) = o0
Asz — =31, f(z) = —o0
Asxz — 37, f(z) > o0
Asz — 3T, f(z) - —0

No holes in the graph

Slant asymptote: y = —x

As x — —o0, the graph is above y = —x
As x — o0, the graph is below y = —z

Domain: (—o0,1) U (1,00)
Vertical asymptote: x =1
Asz— 17, f(z) 5 o0

Asz — 17, f(z) — —o0

No holes in the graph

No horizontal or slant asymptote
As x — —o0, f(z) = —0

As x — o0, f(x) = —oc0

3 2
x 4 —4x — 5

_ —z—5
/(@) 2o+l v
Domain: (—o0,00)

No vertical asymptotes

No holes in the graph
Slant asymptote: y =x — 5
f(x) =z — 5 everywhere.

(a) C(25) = 590 means it costs $590 to remove 25% of the fish and and C(95) = 33630
means it would cost $33630 to remove 95% of the fish from the pond.

(b) The vertical asymptote at z = 100 means that as we try to remove 100% of the fish from
the pond, the cost increases without bound; i.e., it’s impossible to remove all of the fish.

(c) For $40000 you could remove about 95.76% of the fish.
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20. The horizontal asymptote of the graph of P(t) = tlj:’—(l)g is y = 150 and it means that the model

predicts the population of Sasquatch in Portage County will never exceed 150.

21. (a) C(z) = 10022000 5 >
(1

(b) ) = 2100 and C(100) = 120. When just 1 dOpi is produced, the cost per dOpi is
$2100, but when 100 dOpis are produced, the cost per dOpi is $120.

(c) C(x) = 200 when = = 20. So to get the cost per dOpi to $200, 20 dOpis need to be
produced.

(d) As 2 — 07, C(z) — oo. This means that as fewer and fewer dOpis are produced,
the cost per dOpi becomes unbounded. In this situation, there is a fixed cost of $2000
(C(0) =2000), we are trying to spread that $2000 over fewer and fewer dOpis.

(e) As z — oo, C(x) — 100", This means that as more and more dOpis are produced, the
cost per dOpi approaches $100, but is always a little more than $100. Since $100 is the
variable cost per dOpi (C'(z) = 100z + 2000), it means that no matter how many dOpis
are produced, the average cost per dOpi will always be a bit higher than the variable
cost to produce a dOpi. As before, we can attribute this to the $2000 fixed cost, which
factors into the average cost per dOpi no matter how many dOpis are produced.

22. (a)

(b) The maximum power is approximately 1.603 mW which corresponds to 3.9 k.

(c) As z — oo, P(z) — 0% which means as the resistance increases without bound, the
power diminishes to zero.



